In this paper, a new implicit iteration process with errors for finite families of strictly asymptotically pseudocontractive mappings and nonexpansive mappings is introduced. By using the iterative process, some strong convergence theorems to approximating a common fixed point of strictly asymptotically pseudocontractive mappings and nonexpansive mappings are proved. The results presented in the paper are new which extend and improve some recent results of Osilike et
Introduction and preliminaries
Throughout this paper, we assume that E is a real Banach space, C is a nonempty closed convex subset of E, E * is the dual space of E, and J : E → E * is the normalized duality mapping defined by
J x
f ∈ E * : x, f ||x|| 2 ||f|| 2 , x ∈ E.
1.1
Recall that a set C ⊂ E is said to be closed, convex, and pointed cone if it is a closed set and satisfies the following conditions: 1 C C ⊂ C; 2 λC ⊂ C for each λ ≥ 0; 3 if x ∈ C with x / 0, then −x / ∈ C. 1 T is said to be λ, {k n } -strictly asymptotically pseudocontractive if there exist a constant λ ∈ 0, 1 and a sequence {k n } ⊂ 1, ∞ with k n → 1 such that for all x, y ∈ C, and for all j x − y ∈ J x − y , 
The class of λ, {k n } -strictly asymptotically pseudocontractive mappings was first introduced in Hilbert spaces by Liu 2 . In the case of Hilbert spaces, it is shown by 2 that 1.2 is equivalent to the inequality
Concerning the convergence problem of iterative sequences for strictly pseudocontractive mappings has been studied by several authors see, e.g., 1, 3-7 . Concerning the class of strictly asymptotically pseudocontractive mappings, Liu 2 and Osilike et al. 8 proved the following results.
Theorem 1.2 Liu 2 .
Let H be a real Hilbert space, let C be a nonempty closed convex and bounded subset of H, and let T : C → C be a completely continuous uniformly L-Lipschitzian λ, {k n } -strictly asymptotically pseudocontractive mapping such that
Let {α n } ⊂ 0, 1 be a sequence satisfying the following condition:
Then, the sequence {x n } generated from an arbitrary x 1 ∈ C by
converges strongly to a fixed point of T . 
Let {x n } be the sequence defined by 1.7 . Then,
It is our purpose in this paper to introduce the following new implicit iterative process with errors for a finite family of strictly asymptotically pseudocontractive mappings {T i } and a finite family of nonexpansive mappings {S i }:
where C is a closed convex cone of E, S n S n mod N , T n n T n n mod N , and {u n } is a bounded sequence in C. Also, we aim to prove some strong convergence theorems to approximating a common fixed point of {S i } and {T i }. The results presented in the paper are new which extend and improve some recent results of 2-8 .
In order to prove our main results, we need the following lemmas.
Lemma 1.4 see 9 .
Let E be a real Banach space, let C be a nonempty subset of E, and let T : C → C be a λ, {k n } -strictly asymptotically pseudocontractive mapping, then T is uniformly L-Lipschitzian.
Lemma 1.5. Let E be a real Banach space, let C be a nonempty closed convex subset of E, and let
, and a sequence {k n } ⊂ 1, ∞ with lim n → ∞ k n 1 such that for any x, y ∈ C and for each i 1, 2, . . . , N and each n ≥ 1, the following hold:
for each j x − y ∈ J x − y and
Proof. Since for each i 1, 2, . . . , N, T i is λ i , {k i n } -strictly asymptotically pseudocontractive, where λ i ∈ 0, 1 and {k 
1.12
The conclusion 1.10 is proved. Again, taking L max{L i : i 1, 2, . . . N} for any x, y ∈ C, we have
This completes the proof of Lemma 1.5. Lemma 1.6 see 9 . Let {a n }, {b n }, and {c n } be three nonnegative real sequences satisfying the following condition: a n 1 ≤ 1 b n a n c n ∀n ≥ n 0 , 1.14 where n 0 is some nonnegative integer such that
In addition, if there exists a subsequence {a n i } ⊂ {a n } such that a n i → 0, then a n → 0 n → ∞ .
Main results
We are now in a position to prove our main results in this paper. Proof. We divide the proof of Theorem 2.1 into four steps. I First, we prove that the mapping G n : C → C, n 1, 2, . . . , defined by
is a Banach contractive mapping. Indeed, it follows from condition i that 1 − 1/L < α n , that is, 1 − α n L < 1. Hence, from Lemma 1.5, for any x, y ∈ C, we have
2.4
that is, for each n 1, 2, . . . , G n : C → C is a Banach contraction mapping. Therefore, there exists a unique fixed point x n ∈ C such that x n G x n . This shows that the sequence {x n } defined by 1.9 is well defined.
II The proof of conclusions 1 and 2 . For any given p ∈ F and for any j x n − p ∈ J x n − y from Lemma 1.5, we have
Simplifying it, we have
2.6
By virtue of conditions i and iii , we have
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It follows from 2.6 and 2.8 that
2.9
Letting b n 1 − α n k n − 1 / 1 − 1 − α n k n and c n u n /λ, then we have
By using 2.8 ,
By conditions iii and iv , 
2.13
By using Lemma 1.6 again, we know that lim n → ∞ d x n , F exists. The conclusions 1 and 2 are proved. III The proof of conclusion 3 . It follows from 2.9 that
2.14 that is,
2.15
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For any positive number n 1 , we have
2.16
Letting n 1 → ∞, we have
By condition ii , we have lim inf
IV Next, we prove the conclusion 4 .
Necessity
If {x n } converges strongly to some point p ∈ F, then from 0
2.19

Sufficiency
If lim inf n → ∞ d x n , F 0, it follows from the conclusion 2 that lim n → ∞ d x n , F 0. Next, we prove that {x n } is a Cauchy sequence in C. In fact, since for any t > 0, 1 t ≤ exp t , therefore, for any m, n ≥ 1 and for given p ∈ F, from 2.10 , we have 
for any given > 0, there exists a positive integer n 1 such that
Hence, there exists p 1 ∈ F such that
Consequently, for any n ≥ n 1 and m ≥ 1, from 2.20 , we have
2.24
This implies that {x n } is a Cauchy sequence in C. Let x n → x * ∈ C. Since lim n → ∞ d x n , F 0, and so d x * , F 0. Again, since {S n } is a finite family of nonexpansive mappings and {T n } is a finite family of strictly asymptotically pseudocontractive mappings, by Lemma 1.5, it is a finite family of uniformly Lipschitzian mappings. Hence, the set F of common fixed points of {S n } and {T n } is closed and so x * ∈ F. This completes the proof of Theorem 2.1. The following theorem can be obtained from Theorem 2.1 immediately. 
9
(the set of common fixed points of {S i } and T ). Let {α n } be a sequence in 0, 1 , let {u n } be a bounded sequence in C. If the following conditions are satisfied: Proof. By the same method as given in the proof of Theorem 2.1, we can prove that the mapping W n : C → C defined by W n x α n S n x n−1 β n T n n x γ n u n , x ∈ C, n ≥ 1, 2.28 is a Banach contractive mapping. Hence, there exists a unique x n ∈ C such that x n W x n . This implies that the sequence {x n } defined by 2.27 is well defined.
